Introduction
[2] In ideal slow flow MHD, the quantity PV g is conserved along a flow streamline, where P is pressure, and V = R ds/B is the volume of a closed flux tube carrying one unit of magnetic flux. Since magnetospheric plasmas are monatomic gases, g = 5/3. In the classical thermodynamics of an ideal monatomic gas, PV 5/3 is related to the entropy per particle s by
where K is an irrelevant constant. We refer to PV 5/3 as the ''entropy parameter. '' [3] The entropy parameter plays a crucial role in the physics of Earth's plasma sheet, in several ways, including interchange instability, for which the criterion [Bernstein et al., 1958] is
where primes indicate spatial derivatives. In the main plasma sheet, beyond the inner edge, V normally increases tailward and P normally decreases tailward, so the V 0 and P 0 terms add, and (2) implies that the plasma sheet is unstable if PV 5/3 decreases tailward. If flux tube volumes and pressures are estimated from empirical and statistical models, PV 5/3 normally increases tailward [e.g., Erickson and Wolf, 1980; Garner et al., 2003] within 25 R E of Earth, so the statistical average plasma sheet is generally interchange stable in that range. (Beyond 25 R E , the frequent occurrence of B z < 0, which suggests reconnection earthward of a measuring spacecraft, renders statistical magnetic field models unreliable for estimating volumes of closed flux tubes.)
[4] The entropy parameter on a drifting flux tube is conserved in ideal slow flow MHD, assuming that plasma exchange with the neutral atmosphere and ionosphere is negligible. In the inner plasma sheet, where particle transport by non-MHD gradient/curvature drifts can be important, a generalized version of entropy parameter conservation also follows from adiabatic drift theory. If plasma sheet particles undergo strong, elastic pitch angle scattering (due, for example, to chaotic ion motion in the central current sheet), then the quantity P s V 5/3 is conserved along a drift path, where P s is the partial pressure due to particles of a given chemical species and a given value of the isotropic energy invariant = W K V 2/3
, and W K is particle kinetic energy [Harel et al., 1981] . The use of adiabatic drift theory might be questioned in situations where chaotic particle motion violates both first and second adiabatic invariants, but Usadi et al. [1996] showed that P s V 5/3 is still conserved under these circumstances.
[5] Pontius and Wolf [1990] pointed out that a bundle of flux tubes that have lower entropy parameter values than their neighbors, which they called a ''bubble,'' would move earthward through the plasma sheet, at high speed if the bubble's PV 5/3 is substantially depressed. At about the same time, Baumjohann et al. [1990] discovered the phenomenon of bursty bulk flows (BBFs), which have frequently been interpreted as being bubbles [e.g., Sergeev et al., 1996; Kauristie et al., 2000; Nakamura et al., 2001] . Chen and Wolf [1999] did MHD simulations of bubbles that took the form of thin filaments, showing how the filament/bubble moves rapidly earthward, slows down, and eventually comes to rest in the region of the inner plasma sheet where its entropy parameter matches its neighbors.
[6] The most obvious mechanism for producing a bubble is a patch of reconnection within the plasma sheet, which results in a stretched closed field line of volume V i being replaced by a short closed tube of volume V c and a plasmoid of volume V p . The entropy parameter of the remaining closed flux tube PV c 5/3 is likely to be less than that of the initial flux tube PV i 5/3 because V c is less than V i . Thus the near-Earth X-line model of a substorm [Hones, 1977] suggests the creation of an earthward moving bubble. Furthermore, Sitnov et al. [2005] showed that a closed field line bubble naturally occurs after a small plasmoid escapes down the tail. The Lui et al. [1992] cross-tail current disruption model of substorm expansion also implies creation of a bubble, when stretched field lines slip on the plasma, violating the frozen-in flux condition in the current disruption region. Lyons et al. [2003] specifically associated substorm particle injections with a reduction of the particle populations of flux tubes.
[7] Consistent with a long series of previous studies [Erickson, 1985 [Erickson, , 1992 Hau, 1991; Toffoletto et al., 2001] , simulations carried out with the Rice Convection Model Equilibrium code (RCM-E) by Lemon et al. [2004] showed that maintaining strong, adiabatic earthward convection of plasma from the distant tail through the middle plasma sheet produces a highly stretched inner plasma sheet but no ring current injection and nothing resembling a substorm expansion phase. The simulation filled the inner plasma sheet with flux tubes that had such large values of the entropy parameter that they could not dipolarize and enter the inner magnetosphere. However, Lemon et al. [2004] found that reducing PV 5/3 on a segment of inner plasma sheet flux tubes gave rise to dipolarization and ring current injection, provided that the values of PV 5/3 were reduced below a critical value of the order of 0.08 nPa (R E /nT) 5/3 .
[8] The objective of this paper is to present a simple, first method for routinely estimating the local plasma sheet flux tube volume from measurements by a single observing spacecraft. Measurement-based estimates of V would allow a check on the prediction that plasma sheet flux tubes that are moving rapidly earthward have smaller PV 5/3 than their neighbors and also provide an estimate of whether their PV 5/3 values are low enough to allow their injection into the ring current region. Also, since the phase space density f () is conserved along a drift path, within the strong elastic pitch angle scattering approximation, knowledge of the flux tube volume would allow comparison of f() in the plasma sheet with f() at geosynchronous orbit and in the ring current. The same type of information is also needed to provide boundary conditions for the Rice Convection Model and ring current models.
2. Formula for Estimating Flux Tube Volume 2.1. Derivation of the Formula for the Equatorial Plane
[9] We assume that the force balance condition rP = J Â B holds in the vicinity of the spacecraft, including the region that includes most of the volume of the flux tube to be treated. We fit the measurements to a simple solution to the two-dimensional (2-D) Grad-Shafranov equation [e.g., Voigt and Wolf, 1988] 
where z measures distance from the spacecraft to the center of the cross-tail current sheet, x is away from Earth, and y completes the right-handed orthogonal system. (Though x and y are assumed known at the position of the spacecraft, z is not assumed to be known, since we do not accurately know the distance from the spacecraft to the center of the current sheet.) If the flux tube effectively extends to x = À1, its volume is given by
which states that the flux tube volume is proportional to the À1/2 power of the total pressure in the equatorial plane.
[10] Of course, the real magnetosphere is not 2-D, and the assumption that the magnetic field strength declines exponentially down the tail does not represent the real inner and middle plasma sheet. To accommodate that fact, we assume that a has a power law dependence on measurable parameters, namely the equatorial field strength and ffiffiffiffiffiffiffiffiffiffiffiffiffiffi x 2 þ y 2 p , and write
where C, D, and F are determined from a calibration procedure. (In equation (6) the units for V are R E /nT, the magnetic field is in nT, distances are in R E , and P E is in units of nPa, in which case m o = 400p(nT) 2 /nPa.) Although (6) does not represent an exact analytic equilibrium, it retains a key characteristic of the exact analytic solution (5); namely, it is proportional to the À1/2 power of the total equatorial pressure. We can make it represent the real magnetosphere much better than (5) by choosing C, D, and F to best fit a suite of 18 observation-based numerical equilibrium models, as described below. Section 3 compares (6) to various numerical magnetospheric equilibrium models.
Calibration of the Model
[11] The values of C, D, and F have been fit to a suite of T96 models [Tsyganenko and Stern, 1996] , which have been relaxed to equilibrium using a magneto-friction code [Lemon et al., 2003 ], the original version of which was developed by Hesse and Birn [1993] . The suite of models is listed in Table 1 . All models assume that the IMF B x = B y = 0, for consistency with the symmetry requirements of the friction code. Specifically, an initial equatorial pressure was set from values given by Spence and Kivelson [1993] and was assumed to be independent of local time. Since the initial pressure model is much less sophisticated than the initial magnetic field model and is not adjusted for different solar wind conditions, we want the relaxation process to feel free to adjust pressure but to make minimal modifications to the magnetic field. We accomplish this by allowing the friction code to relax to approximate equilibrium assuming g = 10, which implies conservation of PV 10 in the relaxation process. The last two columns of Table 1 show the average absolute values of the fractional changes in P and V for the different models, and it is clear that the pressures did change much more than the volumes.
[12] For each equilibrated Tsyganenko model, we computed the flux tube volume for every equatorial grid point that lay within 22.5°(1.5 hours) of local midnight, had 6 R E ffiffiffiffiffiffiffiffiffiffiffiffiffiffi x 2 þ y 2 p 20 R E , and also had B z > 0. We then determined the coefficients C, D, and F in (6) by least squares fitting to minimize log V i x; y;
where V i is the flux tube volume computed by numerical integration and V E comes from (6). The results are
2.3. Estimation of Flux Tube Volume Using Measurements off the Equatorial Plane [13] We define V E (x, y; z) as an estimate of V(x, y, 0) from measurements made at (x, y, z), by the straightforward application of (6). Let P E (x, y; z) and B zE (x, y; z) represent estimates of P(x, y, 0) and B z (x, y, 0) from measurements at (x, y, z). (Here z represents the distance of the observing spacecraft from the center of the cross-tail current sheet). Then to arrive at an appropriate formula for B zE (x, y; z), note that in our equilibrium model (4), B z = À@A/@x, so that from (4) we have
We thus set
where
The most obvious simple way to estimate the equatorial pressure would be to use 1-D force balance:
[15] To improve the realism of the extrapolation from the equatorial region, we include an additional calibration term:
The ratio B r /B z was chosen for the correction term because it is a measurable parameter that increases with distance from the center of the current sheet. The coefficient G is best fit to the relaxed Tsyganenko models using the formula where Dx i , Dy j , and Dz k represent the dimensions of the rectangular friction code grid cell labeled (i, j, k). The sums in (12) include all grid points of all of the relaxed Tsyganenko models listed in Table 1 , within the same range of x and y used for the initial calibration, and 0 < B r /B z < 4. We get
In summary, the procedure for estimating the flux tube volume at (x, y, 0) from measurements at (x, y, z) is to use (9) and (11) in (6), with coefficients given by (7) and (13).
Quantitative Tests of the Formulae for
Estimating V E and P E V E 5/3
[16] There is no way to test our formulae directly against observations, but we have done some testing against models to obtain a rough estimate of the probable accuracy.
Tests Against the Relaxed Tsyganenko Models That Were Used to Calibrate the Formulae
[17] Table 2 displays mean-square errors in the V E calculated from (6), using (7), (9), (11), and (13), for each of the 18 relaxed Tsyganenko models listed in Table 1 . Specifically, we display root-mean-square errors given by
Grid points labeled k = 1 are in the equatorial plane at z = 0. The quantity V E (i, j, k) is the volume of the flux tube that crosses the equatorial plane at the point nearest (i, j, k), based on (6), using (7), (9), (11), and (13), along with ''measurements'' at (i, j, k). The sum includes friction code grid points (i, j, k) for which x i and y j lie within a 45°w edge centered on midnight and are between 6 and 20 R E from Earth's center. Each column in the table is for grid points in a different bin in the parameter B r /B z , which is an indication of distance from the center of the current sheet. The last column gives the overall average for all bins in B r /B z < 4. The overall error in log 10 (V), averaged over all cases, is 0.0620, which amounts to about a 15% error in V. The degree to which the error increases with increasing B r /B z provides an indication of the error involved in our procedure for extrapolating away from the equatorial plane.
[18] Table 3 shows the corresponding information for estimates of P E V E
5/3
, specifically values of
Again error generally increases with increasing B r /B z , i.e., with distance from the center of the current sheet. The errors in log 10 (P E V E 5/3
) are generally larger than the errors in log 10 (V), partly because of the 5/3 power, and partly because there is an additional error in estimating equatorial P. Of course, these results pertain to the dataset for which our formulas were specifically calibrated.
Test Results for Relaxed Tsyganenko Models That Were Not Used to Calibrate the Formula
[19] Table 4 shows the overall RMS errors for T89C magnetic field models, relaxed to equilibrium, starting from Spence and Kivelson [1993] pressures and using g = 10 in the friction code. The errors are noticeably larger in this case, particularly for V, but they probably represent a more will be in the analysis of injection events, which are localized in both space and time. The formula will be expected to estimate the difference in flux tube volume and PV 5/3 between the flux tubes being injected and their surroundings. The plasma being injected has different pressure, velocity, and magnetic field than the background medium. Our formula has been calibrated with Tsyganenko models relaxed from Spence-Kivelson plasma pressures. These magnetic fields represent statistical averages and do not normally exhibit localized features.
[21] We have used the friction code to generate a magnetostatic equilibrium model with a localized depleted channel by modifying one of the relaxed T89 models listed in Table 4 , specifically the one for Kp = 3. We reduced the plasma sheet PV 5/3 in a channel centered at local midnight and let the code relax to a new equilibrium. Specifically, the pressure in the relaxed T96 model was reduced by a factor of 0.25 at local midnight, for x < À10. That depletion factor was assumed to be a linear function of x, for À10 < x < À3.5. A tanh function was used to smoothly eliminate the depletion for jyj > 5. The model was then relaxed to a new equilibrium. The resulting distribution of PV 5/3 in the nightside equatorial plasma sheet is shown in Figure 1 . The upper panel of Figure 2 shows the resulting flux tube volumes, computed by numerical integration along field lines. Note that the flux tube volumes are reduced in the depleted midnight region. The lower panel of Figure 2 shows the result of estimating the flux tube volumes using (6) and (7). It is clear that the formula does a very good job of representing the flux tube volume changes that accompany the midnight region reduction of PV
5/3
. This result is particularly encouraging, because the formula was not adjusted to fit this type of configuration.
Test for a Filament That is Not in Equilibrium
[22] Probably the most fundamental problem with our approach to estimating flux tube volumes is that it is based on the assumption of force equilibrium, which is a shaky assumption in the presence of fast earthward flow. To get an initial approximate idea of how large an error this causes, Figure 1 . Nightside equatorial distribution of PV 5/3 for the equilibrium model described in the text that has a reduced-PV 5/3 centered on local midnight.
we have employed some results of MHD simulations, following the formulation of Chen and Wolf [1999] . These simulations consider motion of a thin filament through a 2-D background plasma that is in 2-D equilibrium. At time 0, the filament has the same shape as its neighboring background field lines, but its entropy parameter is reduced by a factor of 0.34, so it forms a bubble. The flux tube is assumed to be initially compressed so that its total pressure balances the surrounding medium [cf., Birn et al., 2004] , and its particle pressure is assumed to be initially constant along the filament field line. The compression of the flux tube in the near-equatorial region increases the magnetic tension force and propels that part of the filament plasma earthward. A compressional slow mode wave propagates earthward along the filament. Figure 3 shows a time series of pressure plots as a function of x, which increases tailward in this figure. The pressure wave travels earthward, then reflects from the earthward boundary of the simulation at about t = 5, then travels tailward again, as the pressure distribution approaches equilibrium.
[23] There is a technical difficulty with using filament simulations to assess the accuracy of (6) for nonequilibrium conditions. It is that the actual final value of PV 5/3 in the filament simulation is not well represented by (6) because the coefficients C, D, and F were tuned to fit the real 3-D magnetosphere, as represented by relaxed T96 models, not the 2-D magnetosphere assumed by Chen and Wolf [1999] , in which the Earth is represented by a hard wall at x = 5. Equation (6) consequently underestimates the flux tube volume by nearly a factor of two (and thus PV 5/3 by almost a factor of three), when applied to the filament after it has come to equilibrium. For the background magnetic field model adopted by Chen and Wolf [1999] , the formula for flux tube volume, in terms of the measurable parameters used for (6), is
where x e increases tailward. Figure 4 represents the result of using (16) to estimate PV 5/3 from the equatorial crossing point values pressure and magnetic field in the moving filament. The horizontal axis represents the Mach number
at the filament's equatorial crossing point. From t = 0 to 6, while the equatorial Mach number exceeds $0.2, the formula's estimate of P E V E 5/3 is 2 -3 times larger than the final value (0.909), obtained when the filament comes to equilibrium. After about t = 6, the filament approaches pressure equilibrium, and the estimate of P E V E 5/3 approaches its final value.
[24] An additional technical remark is needed. These MHD-filament simulations involve a coefficient f c that describes the friction between the fast-moving filament and the surrounding medium (due to Kelvin-Helmholtz and/or other instabilities). The simulation shown in Figures 3 -4 assumes f c = 0.2. For f c = 0.06, which is the value used in the simulation presented by Chen and Wolf [1999] , the filament overshoots its eventual equilibrium position, then rebounds and moves rapidly tailward, then finally executes a damped oscillation about its final position. During the initial overshoot period, when the filament's equatorial crossing point is earthward of its final position, the pressure tends to be highest in the near-Earth part of the filament, and our formula tends to underestimate PV 5/3
. We chose to present the f c = 0.2 case because it avoids violent overshoots, for which there is no observational evidence, as far as we know.
[25] The tentative conclusion is that a formula based on flux tube equilibrium is likely to overestimate PV 5/3 by a factor of $2 -3 in a region of rapid earthward flow (M > 0.2). This statement is consistent with the filament simulations, independent of which value of f c we used, or whether we used (6) or (16) to estimate flux tube volumes. The reason for the overestimation is that in the early part of the motion, before the slow mode reaches the near-Earth region of the flux tube, the equatorial region of the tube has higher pressure than the near-Earth region, and its magnetic field is somewhat inflated by the high pressure, while the near-Earth region has not experienced the higher pressures or the inflation. Thus a formula like (6), which is based on the assumption of equilibrium and input magnetic field and 
Applications of the Formula
[26] We show two examples of the use of formulae (6), (9), and (11) for estimating PV 5/3 on a plasma sheet flux tube using measurements from the Geotail spacecraft during substorm expansions. The first example, shown in Figure 5 , is a dipolarization and flow burst observed at the Geotail satellite associated with a substorm observed over eastern Canada on 14 August 1996 [see also Angelopoulos et al., 1999; Ohtani et al., 2002; Lyons et al., 2003] . Pi2 activity began at 0353 UT and became more widespread coincident with commencement of a magnetic bay at the Poste de la Beline station at 0402 UT and Ft. Churchill at 0404 UT. An intensification of the Pi2 and bay activity at both stations occurred at about 0420 UT, with the bay at Ft. Churchill reaching À300 nT by 0438 UT. Ohtani et al. [2002] report that activity at GOES-8 began at 0403 UT but that dipolarization did not occur until 0421 UT. They report that according to Polar VIS images, aurora initially brightened in association with the start of the magnetic bay, though poleward expansion did not begin until after 0416 UT.
[27] Dipolarization at Geotail began at 0355 UT, near the time that ground Pi2 oscillations were first observed. Coincident with the start of the ground magnetic bay, a flow burst and sharp increase of B z were observed at Geotail at 0402 UT. At this time, Geotail was located at (X GSM , Y GSM ) = (À10.0, 1.9) R E near the magnetic equator and mapped near the Poste de la Beline station.
[28] Figure 5 shows various quantities derived from 3-s magnetic field [Kokubun et al., 1994 ] and 12-s LEP moment data [Mukai et al., 1994] taken on board Geotail during this event. The top two panels show B z and the inclination of the magnetic field (tan À1 B z /B x ), indicating that dipolarization of the field began at 0355 UT. In the second panel, the dashed line at 90°indicates the approximate center of the current sheet; an additional dashed line is placed where jB x /B z j = 3. The next two panels show the earthward component of the ion bulk velocity and the ion pressure, both derived from the LEP instrument. A flow burst reaching 900 km/s began just after 0402 UT. The next two panels show the estimated volumes and PV 5/3 of flux tubes crossing the magnetic equator at Geotail's (X, Y) position, computed using (6), (9), and (11). A dashed line is placed at PV 5/3 = 0.08 nPa (R E /nT) 5/3 indicating the critical value found by Lemon et al. [2004] was needed for injection into the ring current. The bottom panel shows the local Mach number, M = v/ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 5 = 3 ð ÞP = r 5=3 p , assuming the ions are protons.
[29] The second example, shown in Figure 6 , is a dipolarization with flow bursts observed at the Geotail satellite associated with a substorm onset just west of the Gillam station on the Churchill line on 22 July 1998. Pi2 pulsations began at 0654 UT, with main onset observed at Gillam station at 0655 UT with a bay reaching À180 nT. A sharp dipolarization and flow burst occurred at Geotail at 0654 UT coincident with ground onset and dipolarization at GOES-9. At onset, Geotail was located at (X GSM , Y GSM ) = (À9.1, 0.5) R E .
[30] In both examples, one sees that the fast-moving flux tubes accompanying dipolarization have volumes and PV 5/3 significantly reduced from local growth phase (preonset) values. If the flow burst is not associated with a substorm expansion, then PV 5/3 quickly returns to undisturbed levels (not shown). Notice that in association with substorm expansion PV 5/3 stays below the Lemon et al. [2004] critical value of 0.08 nPa (R E /nT) 5/3 for some time after the field dipolarizes. PV 5/3 gradually increases and the magnetic field gradually stretches during the next growth phase (not shown).
Concluding Comments
[31] We have developed a formula that allows estimation of flux tube volume V and entropy parameter PV 5/3 on a plasma sheet flux tube, given measurements from a single spacecraft in the plasma sheet. When compared to force equilibrium magnetic field models, the RMS error in the formula's value of log 10 (PV 5/3 ) is $0.16. The formula performed very well in a test involving an equilibrium magnetic field configuration with a depleted channel. However, a limited test for an earthward propagating MHD filament suggests that when the formula is applied to a plasma that is moving rapidly earthward, it may overestimate the value of PV 5/3 that the filament will have when it comes to rest, by a factor of 2 -3.
[32] Our proposed procedure for estimating PV 5/3 represents only a very simple first step, which we report because of the need for such a procedure. Several approaches could be pursued to develop a more sophisticated and reliable algorithm:
[33] 1. Carry out a full, systematic set of accuracy tests for a set of equilibrium magnetic field/plasma configurations that include channels that are depleted to different extents.
[34] 2. Develop a flux tube volume algorithm that will work from the input data that are routinely available from monitors at geosynchronous orbit. (Los Alamos particle detectors can measure pressure and can often indicate magnetic field direction but not magnetic field magnitude. GOES spacecraft can measure the full magnetic field but not the main pressure-bearing particles.)
[35] 3. Generalize the thin filament calculations so that they can accept a realistic 3-D background plasma. Carry out a full, systematic set of thin filament MHD simulations that assume a variety of initial conditions in the bubble and a range of values of the friction coefficient f c , in an attempt to establish a reliable velocity correction for the formula.
[36] 4. Develop and test a formula for flux tube volume at a spacecraft location that requires a user to first compute the flux tube volume by numerical integration over the flux tube using the Tsyganenko model based on solar wind measurements but then corrects that Tsyganenko value using spacecraft-measured magnetic field and pressure.
[37] 5. Evaluate the effects of the local tilt of the plasma sheet on the accuracy of flux tube volume estimation, and, if necessary, develop a procedure for incorporating tilt into the estimate.
[38] 6. Develop a way to incorporate measurements made by more than one plasma sheet spacecraft, to take better advantage of multispacecraft missions such as Cluster and the upcoming Themis mission.
